Introduction
The energy dependence of the scattering phase shifts as we move away from the zero energy limit has been the interest of many old and recent works. In nuclear physics field a lot of what we know about nuclei and elementary particles comes from analyzing the nucleon-nucleon scattering data at low energies. For example; Romo and Valluri [1] studied the momentum dependence of the scattering phase shift for potentials that consist of the sum of a screened Coulomb potential and a short range potential. In addition Milward and Wilkin [2] derived analytical expressions for the changes in the scattering wave functions and the corresponding changes in the phase shifts by introducing a small change in a local potential. However, they performed their calculations starting from the probability density equation rather than the Schrödinger equation. The changes in the wave functions and phase shifts were shown to depend on the unperturbed wave function and the perturbing potential.
* e-mail: mabualssayed@ut.edu.sa In addition, Blatt and Jackson [3] applied variational methods developed by Schwinger to neutron-proton scattering in the energy limit less than 10 MeV. By considering the s-wave scattering alone and ignoring the tensor force the authors obtained an expansion for the phase shift in powers of energy, which is known as the effective range expansion.
In this work the Schrödinger equation with a velocity-dependent potential will be considered. Our aim is to investigate the energy dependence of the scattering phase shifts and the corresponding wave functions when the incident energy is perturbed by a small amount ∆E from its original value E 0 .
Recently velocity-dependent potentials have been employed in the nucleon-nucleon scattering to replace the hard core in nucleon-nucleon interactions. There have been many studies and applications [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] of the velocity-dependent potentials. The velocity-dependent potential consists of two parts; a local potential V(r) and a velocity-dependent Ṽ(r, p) potential, as follows [14, 15] Generally, ρ(r) can be taken to represent the spatially varying nuclear density. The first term on the right is essentially a kinetic energy term and hence the name velocity-dependent potential, which combines with the kinetic-energy term in the Schrödinger equation. However, the second term is proportional to the rate of change of density and hence it is sensitive to the diffuse edge of nuclei.
In terms of reduced wave function u(r)=r R(r) the radial Schrödinger equation for a particle of mass m and energy E moving under the isotropic, velocity-dependent potential may be written by
where the prime denotes differentiation with respect to the radial variable r.
In section 2 we shall investigate the energy dependence of the wave functions and phase shift when the energy of the incident particle is changed from its unperturbed value E 0 by a small amount ∆E. We expand k cot δ, where δ is the perturbed phase shift as a power series in ∆E and obtained analytical formulas for the effective range expansion parameters in the perturbing energy. In section3 we shall consider an explicit example to calculate the perturbed phase shifts using the perturbation approach, we assumed the local potential to have the form of finite square well but the velocity dependent part of the potential to have the form of Yukawa potential. In this example we cannot find exact analytical solutions to Schrödinger equation, hence we have solved Schrödinger equation numerically to determine the exact phase shifts. Finally, the conclusions are presented in section 4.
Energy dependence of the wavefunction and phase shift
We shall deal with the S-wave scattering from a potential and we assumed that the local and velocity dependent parts of the potential to have a given radius b beyond which both identically vanish. It is customary when deriving the effective range expansion to choose a normalization such that, for distances larger than b the wave function behaves like [16] ‫ݑ‬ሺ݇, ‫ݎ‬ሻ = sinሺ݇r + δሻ sinδ ሺ3ሻ where δ is the exact S-wave phase shift and E=ħ 2 k 2 /2m is the incident energy.
Expand the S-wave function as a power series in k 2 about some value k 0 2 ; Clearly, the larger-dependence of the first order change in ‫ݑ‬ሺ݇, ‫ݎ‬ሻ is fixed by differentiating (4) with respect to ݇ ଶ then setting ݇ = ݇ ୭ . Using the expression for ‫ݑ‬ሺ݇, ‫ݎ‬ሻgiven in (3) we obtain:
is evaluated at ሺ݇ = ݇ ሻand the subscript (o) denotes the unperturbed case i. e, ∆E = 0.
First order wavefunction correction
In order to derive the first-order wavefunction correction when the incident energy is perturbed by a small amount ∆E from the initial value E 0 , we have started by inserting (4) into (2), we find that the coefficient of (∆E) n , where n≥1 satisfies the following equation [17] ൫1 − ρሺ‫ݎ‬ሻ൯
Set ∆E=0 (i.e. The perturbation is switched off) into the last equation we get the unperturbed Schrödinger equation;
where u 0 (r) is the unperturbed wavefunction.
To find the first-order wavefunction correction we set n=1 in (7) and evaluating for the term 
After multiplying both sides by u 0 (r) and rearranging results in
The left hand side is an exact derivative hence, we may write
Integrating the last equation from the origin to r and using the condition ‫ݑ‬ ሺ0ሻ = 0 for n ≥ 0 leads to:
A second integration from r = b to r we get the first-order wavefunction namely,
where C 1 is the constant of integration given by
Energy dependence of the phase shift
In order to study the energy dependence of the phase shift when the incident energy is changed from its unperturbed value E 0 , we start from (5), clearly the α n terms of the series are given by
Setting n=1 in the above equation results in the following expressions for α 1,
In order to find α 1 we need to determine ߜ ᇱ , to achieve this we shall start by considering (2) (2) we may write
Differentiate (16) with respect to ݇ ଶ and then letting ݇ ଶ →݇ ଵ = ݇ we get
where the prime denotes the differentiate with respect to r. Using (3) to evaluate the left hand side in (17), we get
ሺ18ሻ
Where ߜ ᇱ = డఋ డ బ evaluate at k=k 0 .
It is straight forward to show that the last equation may be written as
where ‫ݑ‬ ௫௧ ሺ‫ݎ‬ሻis the asymptotic wave function given in (3) evaluated at k=k 0 for all r values.
Substituting the last equation into (15) and rearranging leads to
Since for r ≥ R the free and interacting wavefunctions are identical, the upper limit of integration (20) may be extended to infinity without changing the result, hence
When evaluated at zero energy, the above expression gives the Bethe formula for effective range [18] .
To find α ଶ we start by noting that (4) and ( 
Furthermore, defining a power series expansion in ߂E for ‫ݑ‬ ௫௧ ሺ݇, ‫ݎ‬ሻ similar to that given in (4), then ‫ݑ‬ ାଵ ௫௧ ሺ݇ , ‫ݎ‬ሻcan be written as
To find α 2 we set n =1 into (23) and use (21) to evaluate α 1 
Application on the derived formalism
In his book on scattering theory, Newton [19] showed that there is a finite time delay in the emergence of the scattered particles associated with a change in phase shift. This time delay is expressed as
this equation indicates when ࣔ/ࣔ| ୀ is positive, the emerging scattered particles experience time delay, while when negative then an early emergence rather than a delay occurs. For particles whose energies are below the height of a potential barrier and far from a resonance the slope is negative and the scattered particles emerge faster than the case when the barrier is absent. This is in an excellent agreement with what one expects from classical physics. At a resonance the phase shift has a large positive slope leading to a large time delay. In quantum mechanics this corresponds to the fact that some particles tunnel through the barrier region into the interior region and they must again pass through the barrier to escape from the interaction region [1] . Our work is relevant here as the time delay may be expressed in terms of the change of the phase shift when the incident energy is changed. Deriving analytic expressions for the change of the phase shifts when the energy is chanced by a small amount using a velocity dependent potential has been the main purpose of this work.
Data and Results
In this section we shall use the formula of section 2 to calculate the scattering phase shifts in the S-wave case when the energy is changed by a small amount ∆E from an arbitrary unperturbed value E 0 . The validity of our results shall be tested by comparing the perturbed phase shifts Our form for V 0 is that adopted by Razavy et al. [6] who modeled the neutron-proton scattering at low energy using a velocity-dependent potential. They managed to reproduce the 1 S, 1 D and 1 G singlet-even phase shifts for the proton-neutron interaction. Therefore, we shall adopt their values for ܸ and b, namely ܸ =16.9MeV, b=2.4 fm.
The parameters ρ 0 and a were chosen such that we recovered, as closely as possible, the exact unperturbed scattering phase shifts δ 0 given in Ref. [6] . The parameters are ρ 0 = 1 MeV and a = 0.5 fm.
To find the exact perturbed phase shift as a function of the center of mass energy which is perturbed by a small amount ∆E=0.15 E 0 we solved the Schrödinger equation Since ߩሺ‫ݎ‬ሻ is continuous, the wave function and its derivative arecontinuous at r = b. By determining the interception of the external wave function with r-axis (for example in Fig.1 , for E= 10 MeV the first interception point occurs at ‫ݎ‬ =4.3731fm). The exact perturbed phase shift is then calculated by setting [21] sinሺ݇‫ݎ‬ + ߜሻ = sin݇‫ݎ‬ cosߜ + cos݇‫ݎ‬ sinߜ = 0,
we determined larger values of r where ‫ݑ‬ሺ‫ݎ‬ሻ intercepts the r-axes and the corresponding values of ߜ were the same. Similarly, the exact unperturbed scattering phase shifts δ 0 were determined by setting ∆E=0 and listed in the second column of Table 1 .
In order to determine the perturbed phase shifts δ per we calculated α 0 , α 1 , and α 2 using (5), (21) 
Conclusions
In this work we considered the time independent Schrödinger equation in the presence of velocity dependent potential. We have determined the scattering phase shifts in the S-wave case when the incident energy is perturbed by a small amount ∆E from its original value E 0 . We assumed the local and velocity-dependent parts of the potential to have the form of a finite square well and a Yukawa potential respectively. The exact phase shifts as a function of incident energy were obtained numerically and the result are shown in the third column of Table 1 corresponding to a small perturbing energy ∆E = 0.15 E 0 . We calculated α 0, α 1 and α 2 and hence determined the perturbed phase shifts δ per up to second order using (5) and the results are shown in the last column of Table 1 .
As shown in Table 1when 
